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Abstract 

Asymptotic symmetries of theories with gravity in d = 2m+2 spacetime dimensions 
are reconsidered for m > 1 in light of recent results concerning d = 4 BMS symmetries. 
Weinberg’s soft graviton theorem in 2m + 2 dimensions is re-expressed as a Ward 
identity for the gravitational iS-matrix. The corresponding asymptotic symmetries 
are identihed with 2m + 2-dimensional supertranslations. An alternate derivation of 
these asymptotic symmetries as diffeomorphisms which preserve hnite-energy boundary 
conditions at null inhnity and act non-trivially on physical data is given. Our results 
differ from those of previous analyses whose stronger boundary conditions precluded 
supertranslations for d > 4. We hnd for all even d that supertranslation symmetry 
is spontaneously broken in the conventional vacuum and identify soft gravitons as the 
corresponding Goldstone bosons. 
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1 Introduction 

Asymptotic symmetry groups play a vital role in our modern understanding of general rel¬ 
ativity. Although the concept originated in the early 1960’s, it continues to influence much 
of the contemporary research on classical and quantum gravity. From holography and black 
hole thermodynamics to the infrared behavior of the gravitational iS-matrix, asymptotic 
symmetry groups have provided crucial insights into many of today’s most exciting research 
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topics. They will undoubtedly continue to play a critical role in further clarifying the nature 
of quantum gravity. 

The asymptotic symmetry group of asymptotically flat spacetimes is particularly inter¬ 
esting from both theoretical and phenomenological points of view. Early research on this 
topic by Bondi, Van der Berg, Metzner and Sachs [1-3] led to a surprising conclusion: 
the asymptotic symmetry group of four dimensional asymptotically flat spacetimes is not 
the hnite-dimensional Poincare group, but an inhnite dimensional group now known as the 
Bondi-Metzner-Sachs (BMS) group. The BMS group contains the boosts, rotations and 
translations that comprise the isometry group of flat spacetime. However, it also includes 
an inhnite dimensional abelian subgroup, known as the supertranslation subgroup, whose 
existence seems to have troubled the early pioneers of the subject. Repeated attempts to 
eliminate these extra symmetries proved unsuccessful, and the BMS group ultimately gained 
acceptance as the physically correct asymptotic symmetry group for four dimensional asymp¬ 
totically hat spacetimes. 

It was eventually recognized that the BMS supertranslations were related to the infrared 
behavior of the gravitational theory [4-6]. This relationship has recently been made precise. 
In [7] it was argued that a certain diagonal subgroup of the product of the past and future 
BMS groups is a symmetry of both classical and quantum gravitational scattering. In [8] it 
was further demonstrated that the Ward identity associated to this diagonal supertranslation 
invariance of the gravitational iS-matrix is equivalent to Weinberg’s soft graviton theorem [9]. 
Further investigations along these lines have established a robust and detailed correspondence 
between soft theorems for gauge theory/gravity scattering amplitudes and Ward identities 
for extended asymptotic symmetry groups [7,8,10-22]. Moreover, it has been shown [23] 
that the gravitational memory effect [24-26], which occurs in the deep infrared, provides 
direct and measurable consequences of BMS symmetry. 

Although the asymptotic symmetry group of asymptotically flat spacetimes is well- 
studied in four dimensions, the higher dimensional analog has received limited attention 
[27-34]. Interestingly, nearly all of these analyses concluded that supertranslations do not 
exist in higher dimensions. This result seems to be at odds with the soft theorem/asymptotic 
symmetry correspondence, given that Weinberg’s soft graviton theorem holds in any dimen¬ 
sion. The resolution of this discrepancy is the focus of this paper. 

Briefly, the analyses that claim to eliminate supertranslations in higher dimensions do 
so by placing restrictive boundary conditions on the metric at null inhnity. We demon¬ 
strate that by slightly relaxing these boundary conditions to allow for zero-energy, “large 
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diffeomorphism” contributions to the metric, one may recover the full BMS group, includ¬ 
ing supertranslations, in any even dimension.^ We corroborate this with an investigation of 
Weinberg’s soft graviton theorem in arbitrary even-dimensional spacetimes. Manipulation 
of this universal relation allows us to prove a Ward identity relating iS-matrix elements and 
derive a corresponding conserved charge. This charge is rewritten, using the constraints and 
our boundary conditions, as a boundary integral involving the generalized Bondi mass aspect. 
A set of brackets is proposed for which this charge generates the supertranslations. Hence, 
our weakened boundary conditions allow a derivation of the Weinberg soft identities between 
iS-matrix elements, while the imposition of stronger boundary conditions miss this impor¬ 
tant feature of scattering. The argument can also be turned around, reverse-engineering 
Weinberg’s soft theorem into a supertranslation symmetry of gravitational scattering. 

We defer the study of odd dimensions due to known difficulties in defining null infinity 
in odd-dimensional spacetimes [36]. 

The outline of this paper is as follows: in section 2 we dehne and discuss asymptotically 
flat spacetimes in even dimensions. We establish our coordinate system and relevant bound¬ 
ary conditions, and then derive the corresponding asymptotic symmetry group. In section 
3 we briefly discuss the semiclassical gravitational scattering problem as well as the known 
subtleties in connecting past and future null inhnity. In section 4 we specialize to six dimen¬ 
sions for ease of presentation, deriving equations needed in the analysis of Weinberg’s soft 
theorem. In section 5 we derive a Ward identity from Weinberg’s soft theorem, and in section 
6 we demonstrate its equivalence to the supertranslation Ward identity for soft gravitons and 
hard matter fields. We do not verify that the terms in the charge which are quadratic in the 
metric perturbations correctly generate supertranslations for hard gravitons. We expect this 
to be the case but an analysis of gauge hxing and Dirac brackets at subleading order would 
be required. Section 7 details the generalization to arbitrary even-dimensional spacetime. 

2 General Relativity in d = 2m + 2 dimensions 

In this section we study even-dimensional asymptotically flat solutions to Einstein’s held 
equations without a cosmological constant. Working in Bondi gauge, we propose appropriate 
boundary conditions for asymptotically hat spacetimes and derive their asymptotic symmetry 

^In d = 4, the ‘boundary gravitons’ produced by supertranslations and the radiative gravitons both appear 
at the same order in i. For higher d, the boundary gravitons appear at lower order in the ^ expansion, so 
that boundary conditions constraining pure diffeomorphisms at lower order than the radiative modes will 
kill supertranslations. The situation here is like AdS^ [35], where the leading allowed excitations are all pure 
diffeomorphisms. 
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groups. Our definition of asymptotic flatness differs from that used in previous analyses, 
and we comment on the implications. Finally, we collect a series of useful equations in the 
linearized theory. 


2.1 Bondi gauge 

Metric solutions to Einstein’s equations in d = 2m + 2 dimensions satisfy 

R,u - \Rg,u = SttGT^,, ( 2 . 1 ) 

where is the matter stress-energy tensor. We choose coordinates u,r, z°' {a = 1,..., 2m) 
that asymptote to the usual retarded coordinates on flat spacetime. At large - r and in terms 
of flat space Cartesian coordinates f, x* we have 

u = t — r, r'^ = x^Xi, x''= rx^{z°'), (2.2) 

where x^{z°‘) defines an embedding of in Future null inhnity X”*" is given by 

the null hypersurface (r = oo,u,z°‘), with future (u = oo) and past (n = —oo) boundaries 
denoted by and X^, respectively. In this coordinate system, Bondi gauge is dehned by 
the 2m -|- 2 gauge-hxing conditions 

grr = 0, gra = 0, dct gab = dct Jab, (2.3) 

where jab is the round metric on the unit with covariant derivative Da- Such a metric 
can always be put into the form 

= e^^Mdu^ — 2e^^dudr -|- gab{dz°' — U°‘du){dz^ — U^du). (2.4) 


For the case of asymptotically flat spacetimes, we will assume /I, M, Ua, and gab admit an 
expansion near X"*" of the form: 


^ = 1: 


z) 


M = -l + Y. 






n=l 


n=0 


gab = r'^Jab + 


Cib\'^G) 


(2.5) 


n=—l 
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In the vicinity of past null infinity, X , we choose advanced coordinates v,r,z°' asymptotically 
related to the flat space Cartesian coordinates through the relations 

v = t + r, = x^Xi, x'‘ = —rx'{z°‘). (2.6) 

Here £* is the same embedding of the S'^™' in as in (2.2). Note in particular that 

the angular coordinate on X“ is antipodally related to the angular coordinate on X^, 
so that null generators of X passing through spatial inhnity {i^) are labeled by the same 
numerical value of 2 ;“. X~ is the (r = 00 , v, z“) null hypersurface, with future (n = cxo) and 
past (n = —cxo) boundaries denoted by X^ and XZ, respectively. The metric in advanced 
Bondi gauge takes the form 


ds^ = e^^ M-dv‘^ + 2e^^ dvdr + g-^{dz‘^ -W‘^dv){dz^ -W^dv), (2.7) 


where /3 , M , Wa, and admit the large-r expansions 




(3-^^\v,z) 

lytTL 


M- = 

9ab = 




M (”)(n,z) 


n=l 

00 „(n) 


\b+ 

n=—l 


D'2’{v,z) 




n=0 


wi”Z.z) 


( 2 . 8 ) 


2.2 Asymptotically flat spacetimes 

Having hxed a coordinate system, we must now choose the boundary conditions that define 
asymptotic flatness at X"*" in this gauge. Our conditions on the metric components are the 
same as those in four dimensions: 


guu =-^ + 0{r ^), gur =-I + 0{r gua = 0{l), gab = r'^lab + 0{r). (2.9) 

We also require 


Run = 0(r-2-), 

Rur = (T(r-2™-i), 

Rua = 0 {r-^^), 

(2.10) 

Rrr = 0(r-2"^-2), 

Rra = 0(r-2—1), 

Rab = 0(r-2™). 

(2.11) 

The analogous conditions define asymptotic flatness at X 
matter sources, we impose the same falloff conditions on 

~. When the theory is 
the components of 

coupled to 

as on 


It is important to note that the boundary conditions (2.9)-(2.11) are less restrictive than 
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those typically considered in the literature [29-34]. In particular, the falloff condition on 
Qab in equation (2.9) does not reflect the large-r behavior of generic gravitational radiation 
in d = 2m + 2 dimensions, for which Qab = f'^lab + As we will see, the choice of 

this boundary condition essentially determines whether or not the corresponding asymptotic 
symmetry group contains supertranslations. Naively, our less restrictive falloff conditions on 
the metric components could lead to bad behavior at infinity and divergences in physical 
quantities. However, the metric itself is not physically observable and the boundary condi¬ 
tions on the Ricci tensor ensure flniteness of energy flux and other gravitational observables. 
As we will see, the potentially dangerous pieces of the metric turn out to be pure “large 
diffeomorphism” for the spacetimes we consider. In the next section we demonstrate that al¬ 
lowing these leading pieces of the metric to be pure diffeomorphism, rather than setting them 
equal to zero, enlarges the asymptotic symmetry group from ISO{2m + 1,1) to BMS 2 m+ 2 - 

2.3 Asymptotic symmetries 

We are now in a position to discuss the asymptotic symmetry group of asymptotically flat 
2m-I-2 dimensional spacetimes. We define the asymptotic symmetry group to be the group of 
all diffeomorphisms preserving Bondi gauge (2.3) and the boundary conditions (2.9)-(2.11), 
modulo the subgroup of trivial diffeomorphisms.^ All such diffeomorphisms are generated 
by vector fields ^ satisfying the following set of differential equations: 

C^grr = 0 , C^gra = 0 , = 0 , ( 2 . 12 ) 

C^guu = C^gur = C^gua = 0{l), C^gab = 0{r). (2.13) 

The most general vector held satisfying (2.12)-(2.13) takes the form 



(2.14) 

poo 

^ Y‘^{z) - DbC / e-^^g^'^dr', 

J r 

(2.15) 

C = -^[DaC-U^Dan 

(2.16) 


The Y°'{z) are conformal Killing vectors on the 8“^^, and generate the SO{2m + 1,1) trans¬ 
formations of the Poincare group. Transformations with K" = 0 and an arbitrary function 
f{z) on the sphere are known as supertranslations. Near , they are generated by the 

^ See [28] for a related derivation of the BMS algebra in higher dimensions. 
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vector field 


(2,17) 


5 = /S„ - +... 

r 2m 

In the linearized theory, where we ignore transformations homogenous in metric perturba¬ 
tions (such transformations require quadratic terms in the associated charges), the effect of 
a supertranslation is to shift according to 

- {D^D, + D,Da)f, (2.18) 

TDj 


leaving all other hxed. Note that 5(7^^ = 0 for the 2m -|- 2 global translations given 

by f{z) oc l,x*(z). A similar analysis holds for the asymptotic symmetry group at X“. 
There, supertranslation generators take the asymptotic form 


r = f-d. + -r'Dj-d, - :^D^f-dr + ... 

r 2m 


(2,19) 


and generate the transformation 


5D 


(- 1 ) 

ab 


-D^f-jab-{DaD, + Dt,D,)f- 
m 


( 2 . 20 ) 


2.4 Discussion of the BMS group in higher dimensions 

Previous analyses of higher dimensional asymptotically flat spacetimes have concluded that 
the BMS group does not exist in higher dimensions and that the appropriate asymptotic 
symmetry group is the hnite dimensional Poincare group [29-34]. Notable exceptions include 
[27,28], where it was argued that supertranslations do exist in higher dimensions. The 
source of the apparent discrepancy can be found in the choice of boundary conditions. In 
2m + 2 spacetime dimensions, the radiative degrees of freedom of the gravitational held 
enter the metric on the sphere at order (P(r^“™). As we have seen, supertranslations affect 
an 0{r) change in the metric on the sphere. For d = 4, these two orders agree, and it is 
impossible to eliminate the supertranslations without simultaneously eliminating radiative 
solutions. In higher dimensions, one can consistently set = 0 while still allowing for 

radiative solutions, which have nonzero . Since the boundary condition (7^^ = 0 is 

not supertranslation invariant, it effectively reduces the inhnite dimensional BMS group to 
the hnite dimensional Poincare group. 

The dehnition of an asymptotic symmetry group depends on the boundary conditions 
of the theory, and the appropriate boundary conditions are often determined by the phe- 
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nomena under consideration. Therefore, in higher dimensions it is meaningless to discuss 
the “correct” asymptotic symmetry group, and one should simply choose the group best 
adapted to the problem at hand. In four dimensions, the extra supertranslation symme¬ 
tries were intimately related to the infrared behavior of gravitational scattering amplitudes. 
Therefore it seems reasonable that if one wishes to study the infrared dynamics of higher 
dimensional gravity, one should choose the relaxed boundary conditions (2.9) which allow 
for supertranslations. As we will see in sections hve and six, this is indeed the case. 


2.5 Boundary conditions and constraints 

In this section we collect a few select formulas which will prove useful for the analysis of 
Weinberg’s soft theorem. The analysis up to this point is completely general and holds 
in the non-linear theory. In what follows we will focus on the linearized theory for ease of 
presentation. First, note that linearization effectively eliminates the function [5 in the metric. 
In the nonlinear theory, 

4777 0.771 1 

Rrr = - dr^ + ^ drgabdrgcd- ( 2 . 21 ) 


The boundary conditions R^- = (7(r“^"*“^) and Qur = 0{r~‘^) then imply that (3 is quadratic 
in metric perturbations up to order Since these are the only orders of /? that 

could appear in the equations (2.28)-(2.32) needed for our analysis, (3 may be consistently set 
to zero along with all other terms quadratic in metric perturbations. Also note that in the 
linearized theory, the Bondi gauge determinant condition requires that all be traceless. 
We then have 


1 1 771 1 

Run = --duD^Ua - -r-^^dr{r^^drM) - -d^M - —D‘^M, 

2 r 

Rra = -^drD^gba + r'ycaDbg^^', 

Rur = -K-^^dr{r^^drM) - 

The corresponding equations in advanced Bondi gauge are: 

1 1 nryi 1 

Rvv = -^d^D^Wa - -r-^^dr{r^^drM-) + -dM- - 

2 r 2r^ 


Rra = -^r-2-d,(r2-+2d,(r-2Wj) + + ncaDbg-^% 


( 2 . 22 ) 

(2.23) 

(2.24) 


(2.25) 


(2.26) 


(2.27) 


R = lr-2™a(r2™aM-) - ^drD’^Wn. 


2r2 


The boundary condition on Ruu reads 


+ + + =0, 0 < n < 2m - 3. (2.28) 


The boundary condition on R^r reads 

- = 0. 0 < n < 2™ - 2. 

2 2 “ “ 


(2.29) 


The boundary condition on R^a reads 

<" + ")("+1-2") c/M - = 0. 0 < n < 2» - 2. (2,30) 

The null normal to is given hy n = d^ — \dr- The constraint equations take the the form 


n‘‘{R^ - -Rg^,) = STrGn'T". 


(2.31) 


The boundary conditions (2.10)-(2.11) ensure that R = In what follows we never 

need terms of this order, so we drop the trace term from the constraint equation. The hrst 
nontrivial order of the n-constraint equation then reads 


-[D^ - 2(m - 1)]M(2”^-2) + ^ _ q_ ^2.32) 


3 The semi-classical scattering problem 

So far, our analysis has treated and X~ separately. In order to discuss the symmetries 
of the gravitational iS-matrix, we need to define the semiclassical scattering problem in 
general relativity and determine how to relate symmetry transformations at X’*' and X“. In 
essence, given initial data for the characteristic Cauchy problem at X“, we must determine the 
corresponding outgoing data on X+. One of the most attractive features of the asymptotic 
analysis based at X is the ability to solve this problem without making reference to the 
interior of the spacetime. However, in order to do so, we need to be able to relate data 
and symmetry transformations on X“ to the corresponding data and transformations on X+. 
Doing so requires us to impose certain regularity conditions at spatial inhnity. 
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3.1 CK constraint in higher dimensions 

In four dimensions, arbitrary asymptotically flat initial data does not lead to a well-defined 
scattering problem. In fact, is generically a singular point of the conformal compactifi- 
cation of asymptotically flat spacetimes. This naively precludes the identihcation of BMS 
transformations at and X~. In four dimensions, the work of Christodoulou and Klain- 
erman (CK) [37] established necessary bounds on initial data in order to allow for smooth 
identihcations at To our knowledge, no such analysis has been performed in higher di¬ 
mensions. In four dimensions, the CK conditions played an essential role in connecting X^ 
to X~ and matching gravitational data at We are thus led to impose a “generalized 
CK constraint.” Specihcally, we require that the higher dimensional analog of the magnetic 
component of the Weyl tensor vanishes near the boundaries of X^\ 

a™b|j+ = 0(r-2). 

The 0{r~^) term in this constraint requires that 

= 0 (3.2) 

at X^. The 0{1) Rab boundary condition implies = 0. Combining these two condi¬ 
tions we see that = Dag{z) for some function g{z) on the sphere. The most general 

solution consistent with Bondi gauge is 

= -^abD^i;{z) - 2DM{z), (3.3) 

m 

with 'i/j{z) unconstrained. Note that this is simply the requirement that be pure super¬ 
translation. Under the action of a supertranslation with parameter f{z), 'ij^iz) transforms 

according to 'i/j{z) 'i/j{z) -|- f{z). The function 'ijj{z) will later be identihed as the goldstone 

mode for spontaneously broken supertranslation symmetry. The analogous condition at X~ 
yields 

= --^abD^ij-iz) + 2DM~{z). (3.4) 

In what follows, we are primarily interested in vacuum to vacuum geometries, and we 
impose the “scattering constraints” 

I I = 0, lx* = of”-"' Ixj = 0. (3.5) 
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3.2 Scattering and matching 

In order to connect X~ to we must match data at Following the analysis in [7], all 
fields and functions are taken to be continuous along the null generators of X passing through 
. Due to the antipodal identification of the angular coordinates on X+ and X“, the zero 
modes and are matched according to 

^{z) = i}-{z). (3.6) 

This identification also allows for a canonical identification of BMS^ and BMS~ transfor¬ 
mations according to the rule 

f{z) = f-{z), (3.7) 

yielding a diagonal BMS subgroup that may be identified as a symmetry of the gravitational 
iS-matrix. 

4 Six dimensional gravity 

In this section we focus on six dimensional asymptotically fiat spacetimes. We identify the 
free radiative data, and collect a number of equations needed for the analysis of Weinberg’s 
soft theorem. 

4.1 Boundary conditions and constraints 

In six dimensions, the boundary conditions for asymptotically fiat spacetimes satisfying the 
scattering constraints and the generalized CK constraint take the form 

Quu =-I + Qur =-I + gua = 0{l), gab = r^ 7 ab +0{r), 

Ruu = 0{r-^), Kr = 0{r-^), Ka = 0{r-^), Rrr = 0{r-^), Rra = 0{r-^), (4.1) 
Rab = 0{r-^), = Curab\x+ = 0{r-^), M(3)|^+=0. 

The Ruu boundary conditions take the form 

+2MW] = 0, ^[X)2-2]MW+d„[X)“DW+2M(2)] = 0, (4.2) 

while the R^r boundary conditions reduce to 

= 0, (4.3) 
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The Rra boundary conditions read 


y”> =I'f’=(4.4) 
The 0{r~‘^) n-constraint equation reads 

- 2]M(2) + + 2a„M(3) = (4.5) 

is free, unconstrained data. A complete solution of course requires integration of the 
constraints and equations of motion to all orders. 

4.2 Mode expansions 

The fluctuations of the gravitational field in an asymptotically flat spacetime are determined 
by the relation where = 327rG and rj^y is the flat metric. We represent 

the radiative degrees of freedom of the gravitational field by the mode expansion 

= E / “ . (4.6) 

Here tjq = \^ and e'^y are the polarization tensors of the graviton in six dimensions. The 
commutation relations are given by 

[a„(^,a/3(^^] = 2ujq6afi{2nf6^{p- ^ 

The free radiative data at then takes the form 

C^^{u,z) = K lim daX^dbx’''hfj_y{u + r,rx{z)). (4.8) 

r—>-oo 

We evaluate this limit using the large-r saddle point approximation to obtain the expression 
Cabiu, ^“) = -^^daX^dbX^ 

^ ^ a 


ujqduq [e*faa{ujqx)e + e"ac,(a;gx)^e*‘^«“] . (4.9) 


(4.7) 
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The positive and negative freqnency modes are then given by 


ab ( ) g^2 

KU 


c:y°h) = 


dax'{z)di,x> {z)'^e'‘fac(uHz)), 

a 

g^2^fX‘(z)di,x’(z) ^ E“.a„(ui(s))*, 


(4,10) 


where a; > 0 in both formnlas. The a; —?■ 0 limit of these expressions defines a zero mode 
operator 

(4.11) 


cr = §ito(cr'+':’: 




The asymptotic data at X is given by 


z) = K. lim daX^dbx’'h^^{v - r, rx\z)), 


which may be decomposed into the positive and negative frequency modes 


= —^daX^{z)dbX^{z)'^e*^a„{-ux{z)), 


KU 


D 




ab 


Stt^ 

KOJ 

Stt^ 


z) = --^dax\z)dbX^(z)'^eijaa(-0Jx(z)y. 


The associated zero mode creation operator is given by 


dt = 5 iim(r>:r'+ d : 

2 til—>0 


-)tj(O) I P)—a;(0)^ 


(4.12) 


(4.13) 


(4.14) 


5 Ward identity from Weinberg’s soft theorem 

In this section we use Weinberg’s six-dimensional soft graviton theorem to derive a Ward 
identity for a charge operator constructed from the gravitational held. In the following sec¬ 
tion, we demonstrate the relationship between this charge operator and the supertranslations 
described in section 2. 


5.1 Derivation of Ward identity 

In six dimensions, Weinberg’s soft graviton theorem takes the form 
lim uj{zn+i ,... \aa{q)S\zi,...) = ^ 

a;—>-0 2 

(5.1) 


\ ^ ^^luPkPk \ ^ ^fiuPkPk 
^ Pk ■ Q ^ Pk ■ Q 

,k=n+l ^ k=l ^ . 


{Zn+l, . . . ...). 
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Here aa{q) is a creation operator for an outgoing on-shell graviton with energy ui, polarization 
and momentum q^. A null momentum vector in six dimensions is determined by an energy 
tj and a point on the so we parametrize the soft graviton’s momentum as 

q^ = u[l,x\z)]. (5.2) 

Here h*(z) is the embedding of into dehned previously. The momenta of the massless 
external particles are similarly given by 

p'j^ = Ek[l,x\zk)] ■ (5.3) 

Thus the in- and out-states are determined by the energy Ek and crossing point Zk 
for each external particle. For simplicity we suppress internal quantum numbers which are 
totally decoupled from the analysis. We denote the in- and out-states by 

I A ) ■ ■ ■ ) 2'n) ) ('2'n+l j • • • ; ^n+n' |; (^•^) 

respectively. Motivated by the form of the radiative modes (4.10), we dehne a function 

F°^\z, Zi,..., Zn+n') = U}daX\z)dbX^ {z) ^ 

a 

n-\-n' n 

= ^ EkdbP{z,Zk)da\og{l - P{z,Zk)) - EkdbPjz, Zk)da\og{l - P{z,Zk)). 

k=n-\-l k=l 

Here we have used the completeness relation for polarization tensors 

2 V £”'(o)£^'(g) = (5.6) 

2 

a 

energy and momentum conservation 

n-\-n' n n+n' n 

Ek-'^Ek = ^, ^ Ekx\zk) - ^ Ekx\zk) = 0, (5.7) 

k=n-\-l k=l k=n-\-l k=l 

and dehned a function^ 

P{z, Zk) = Xi{z)P{zk). (5.8) 

is known as the invariant distance on the S'^, and is related to the cosine of the geodesic distance. 


^^uPkt^k \ ^ ^fiuPkPk 
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We then use zi,..., Zn+n') (abbreviated F°^^{z-, Zk)) to relate Weinberg’s soft theorem 

to the zero mode insertion: 


... |C„t'...) = ^0(3„+i,... |S|3i,... >. (5.9) 

Note that F°^^{z; Zk) obeys the differential equation 




3(47r)2 


n-\-n' n 

Y, Ek5\z-Zk)-YEk5^i^-^k) 

_k=n-\-l k=l 


(5.10) 


We can similarly consider Weinberg’s soft theorem for an incoming soft graviton 


lim u{zn+i,... \Saa{q)'^\zi,...) 

a;—l-O 


OJK 

'Y 


n+n' 


_k=n-\-l 


^*iZPkPk 

Pk • q 


‘^fiyPkPk 


(z„+i,... \S\zi,...). 


This can similarly be rewritten 

2 

{Zn+l, ■ ■ ■ \SD^J^\z)\zi, ...) = Zk){Zn+U ■ ■ ■ |‘5|zi,...), (5.11) 

where 

Zl, . . . , Zn+n') = 

n-\-n' n 

- Y EkdbP{z,Zk)da\og{l +P{z,Zk)) FY^kdbP{z,Zk)da\og{l +P{z,Zk)). (5.12) 

k=n-\-l k=l 


Combining equations (5.9), (5.10) and (5.11) we obtain the identity 


1 


1 


I d‘z^,S(z)(D^ - 2)D“£>''(z„+,,... |C^<“>(z)S|2i,... > 

rfz^r(z)(D^ - 2)£>“B‘(z„+i,... |SDy’(2)ki,...) 


n-\-n' n 

Y Ekf{zk)-YEkf{zk) 

_k=n-\-l k=l 


{Zn+l, . . . \S\Zi, ...) 


(5.13) 


for an arbitrary function f{z) on the sphere. This relation can be rewritten as a Ward 
identity 

{Zn+i, ... - SQ~\zi, ...) = 0, (5.14) 
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where have been decomposed into hard and soft parts 


< 2 * = + Qs- 


(5.15) 


The action of the hard charges is dehned so that 


k=l 


n+n' 

{Zn+l,...\QH = {Zn+l,...\ ^ Ekf{Zk), (5.16) 

k=n-\-l 


while the soft charges take the form 

<21 = 3 ^/- 2)D‘D‘‘cT{z), 
<22 = 3 ) 3 / d*z^f-(z)(D^ -2 )D-D^dT(z)- 


(5.17) 


6 Prom Ward identity to BMS supertranslations 

The charges (5.15) commute with the iS-matrix and represent a symmetry of the theory. 
In this section we argue that, given the zero-mode bracket postulated below, the symmetry 
generated by these charges is none other than the supertranslation symmetry encountered 
in section 2. 


6.1 Action of the matter charges 

The form of the hard charges may be deduced from (5.16), yielding 


lim [ dud^zy/^ f{z)T^{u, r, z ), 

r^oo Jj-+ 

(6.1) 

hm dvd!^z^f~{z)T^{v,r,z). 

r^oc J^_ 

(6.2) 


These expressions can be rewritten in the form 

' dE QJ, = Jim / dS 


Qt = lim 


S-i-X- 


(6.3) 


Here S is a space-like Cauchy surface, ns is a unit normal to S, and ^ is the BMS vector held 
(2.17). Written in this form, it is clear that the hard charges generate supertranslations on 
the asymptotic states. Standard commutation relations for the matter helds conhrm that the 
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quantities (6.3) generate the large diffeomorphisms for any matter field coupled to gravity. 

Note that because we consider the linearized theory, the gravitational field does not 
appear in the hard charges. In the full nonlinear theory, when we allow for external graviton 
states with non-zero momentum, we expect new contributions to the hard charge quadratic 
in the gravitational field. These additional terms characterize the energy and momentum flux 
carried by gravitational radiation through null infinity, and serve to generate transformations 
of the metric that are proportional to metric perturbations (transformations which we neglect 
in the linearized theory). 


6.2 Action of the gravitational charges 

Supertranslations are by dehnition large diffeomorphisms, and general relativity is diffeo- 
morphism invariant if and only if all helds transform under the diffeomorphisms. Therefore, 
it is intuitively clear that the charges (5.15) must generate supertranslations of the gravi¬ 
tational held. We can make this relationship precise by using the boundary conditions and 
constraints of section 4.1 to rewrite the charges as boundary integrals 


Q* ^ ^ j 


(6,4) 


These expressions resemble the supertranslation generators encountered in the four di¬ 
mensional case [8]. In order to claim that they generate supertranslations of the gravitational 
held, we need to discuss the symplectic form for the gravitational free data. 


6.3 Brackets for the free data 


The commutator for the radiative degrees of freedom of the gravitational held is familiar 
from four dimensions and can be derived from the plane wave mode expansion. It is given 
by 





6{u — u')6'^{z — z') 


1 

'~fac'ybd T '^ad'^bc '^'lab^cd 


(6.5) 


This expression does not determine the zero-mode brackets. We postulate the simple form 


[M^^\z),il}{z')\ = dvrzG—^ 

\/7 


( 6 . 6 ) 
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This reproduces (2.18) and defines a symplectic form on the extended gravitational phase 
space. It closely resembles the analogous zero-mode bracket in QED [14]. 


7 Generalization to arbitrary even-dimensional spacetime 

The results of the preceding sections generalize to arbitrary even-dimensional asymptotically 
fiat spacetimes. In this section, we outline the derivation of the supertranslation Ward 
identity for d = 2m + 2 dimensional spacetime. The perturbations of the asymptotically fiat 
gravitational field are defined by as in six dimensions. The plane wave 

expansion takes the form 

= E / ^ . (7.1) 

Here Uq = |g| and a labels the polarizations of the graviton. The operator is a 

graviton creation operator satisfying the commutation relations 

[a„(^, (7.2) 


The leading term in the large-r expansion of (7.1) yields an expression for the radiative 
degrees of freedom of the gravitational field near X”*". The positive and negative frequency 
modes take the form 




2) 

ab ^ 




Z = 


2 (^ 27 i)^ — daX^{z)dbx\z)J2^jkaa{uJx{z)), 




■m m-l _^ 

0 = daX^{z)dbx\z)J2^'jk(^o.i^^i^)y 

The corresponding zero mode operator is defined to be 




'0(m—2) 


= - lim(za; 
2 


i2—m 




777,^ —Lj(m—2) 

ab 


(7.3) 

(7.4) 


(7.5) 


In terms of this zero mode operator, Weinberg’s soft theorem (5.1) takes the form 


{zn+i,.. .\Cl^ ^\u:,z)S\zi,...) = 


(- 1 ) 


m^2 


8(27r) 


F:^\z-,Zk){Zn+l....\S\z,,...). 


(7.6) 
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The soft factor 


^ 1 , ■ ■ ■ , Zn+n') = daX^dbX^U ^ £*“ 


”■+”■ ' pa ^ pO 

Z^iuPkPk _ 

^ Pk ■ Q ^ Pk ■ Q 

,k=n+l ^ k=l ^ , 


n+n' 


= ^ £;fcabP(^,2;fc)5alog(l - P(2;,Zfc)) - 2;fc)aalog(l - P(^, Zfc)) 

k=n-\-l k=l 

satisfies the dimension-dependent differential equation 

2m—1 

(-irx/7 n P'-( 2 ™- 0 (i-l)l-D“-D''F„" 


pout 

ab 


/=m+l 


n+n' 


EkS^^iz - Zk) 


/c=n+l 


= (2m- l)r(m)2™(2+ 

Here we have used the completeness relation for polarization tensors 

2 V - -+7r^', + = 

m 


fc=i 






along with energy and momentum conservation. The in-modes take the form 

-—^dax\z)dbx\z)J2^*jkaai-uJx{z)), 

V / Q, 


D 


—ij{m—2) 
ab ' 


^) = 


2 ( 2 + 


and the associated zero mode operator is 

dT~"' = I lim(»u.)=-"' 

/ a;—>-0 L 

The soft theorem for an incoming soft graviton may be rewritten as 


■ ■ ■) = . iski....) 


K, 


( 7 , 7 ) 


( 7 . 8 ) 


( 7 , 9 ) 


( 7 , 10 ) 


-daX^ (z')dt,x''iz)'^Eji,a^(-ijx(z')y, ( 7 . 11 ) 


( 7 . 12 ) 


( 7 , 13 ) 
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where 


^ab ^1) • • • ) ^n+n') 

n+n' n 

- ^ EkdbP{z,Zk)dalog{l + P{z,Zk)) + '^EkdbP{z,Zk)dalog{l + P{z,Zk)). (7.14) 

k=n-\-l k=l 


After applying (7.8) to equations (7.6) and (7.13), we may integrate against an arbitrary 
function f{z) on the sphere to obtain the Ward identity 


{Zn+I ... I {Q^S - SQ ) |zi,...) = 0. 


(7.15) 


The charges commute with the iS-matrix and induce inhnitesimal symmetry 

transformations on states. is dehned by its action on the asymptotic states: 

n n-\-n' 

Qh\Zi,. . .) = '^Ek f{Zk)\Zi,. . {Zn+l,...\QH = {Zn+l,---\ '^EkfiZk). (7.16) 

k=l k=n+l 

The soft charges are given by 

2m—1 

H (D^-(2m-l){l-l))D-‘D‘‘cT^^\ (7. 

l=m+l 



Qt = 


(2m — 1 ) k ^ r(m) 


2m—1 

tf-zVlf-iz) n (7.18) 

l=m+l 

The hard charges can be written in terms of the matter stress-energy tensor 


Qs — 


-ir 


')2—m 


(2m — 1 )k^ r(m) 


Q+ = lim f du(f"^Zy/^f{z)T^{u,r,z), Qh= lim [ dvcf^^z^f {z)T^ {v,r, z). 

r-j-oo r^oo Jj-. 

This operator induces an inhnitesimal supertranslation with parameter f{z) when acting on 
the matter helds. The boundary conditions and constraints of section 2.5, combined with the 
generalized CK constraint and the scattering constraints, allow us to write the total charge 
as a boundary integral 


Q+ = ^ hm 1 [ d^^z V7 f{z) M{z), 

r^oo Jj-+ 

Q- = ^ lim f d^^z ^ f-(z) M-(z). 

r^oo Jj-- 
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A straightforward generalization of the brackets of section 6.3 can then be used to demon¬ 
strate that (7.19) generates supertranslations on the matter and gravitational helds. 

8 Conclusions and open questions 

In this paper we considered the asymptotic symmetry group of even-dimensional asymp¬ 
totically flat spacetimes. Using less restrictive boundary conditions than those previously 
considered in the literature, we demonstrated that the BMS group naturally arises as the 
asymptotic symmetry group of asymptotically flat spacetimes in any even dimension. Moti¬ 
vated by the recently discovered correspondence between soft theorems and asymptotic sym¬ 
metry groups, we considered Weinberg’s soft graviton theorem in even-dimensional spacetime 
and used it to derive a Ward identity for a set of symmetry transformations. Reasonable, 
physically motivated boundary conditions and a natural extension of the symplectic form 
allowed us to identify these symmetry transformations as supertranslations. This result fur¬ 
ther solidihes the general correspondence between soft theorems and asymptotic symmetry 
groups. 

It would be worthwhile to tackle the hard metric fluctuations at quadratic order and 
thereby extend the analysis to the full nonlinear theory. It would also be interesting to 
consider the odd-dimensional case, where special properties of radiating solutions make the 
conformal methods usually employed in four dimensions essentially useless. Our analysis is 
carried out at tree level, and while we expect that the leading soft factor is not renormalized 
(as in four dimensions), it would be useful to explicitly verify this. One could also extend 
the analysis to allow for massive external states. 
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